Let G be a finite group and D 2n be the dihedral group of 2n elements. For a positive integer d, let s dN (G) denote the smallest integer ℓ ∈ N 0 ∪ {+∞} such that every sequence S over G of length |S| ≥ ℓ has a nonempty 1-product subsequence T with |T | ≡ 0 (mod d). In this paper, we mainly study the problem for dihedral groups D 2n and determine their exact values:
Introduction
Let G be a finite group and D 2n be the dihedral group of 2n elements. For a finite abelian group G, it is well known that |G| = 1 or G = C n 1 ⊕ C n 2 ⊕ . . . ⊕ C n k with 1 < n 1 |n 2 | . . . |n k , where r(G) = k is the rank of G and the exponent exp(G) of G is n k . Set
For a finite group G, we define exp(G) to be the maximum value of ord(g) over all g ∈ G. Obviously, the definition covers the one of exponent of a finite abelian group. The Davenport constant D(G) is the minimal integer ℓ ∈ N 0 ∪ {+∞} such that every sequence S over G of length |S| ≥ ℓ has a nonempty 1-product subsequence. It is easy to see that D(G) ≥ D * (G) for any finite abelian group G. Let s k exp(G) (G) denote the smallest integer ℓ ∈ N 0 ∪ {+∞} such that every sequence S over G of length |S| ≥ ℓ has a nonempty 1-product subsequence T of length |T | = k exp(G), where k is a positive integer. In this paper, we investigate a following generalization of D(G) and s k exp(G) (G). Definition 1. Let G be a finite group. For a positive integer d, let s dN (G) denote the smallest integer ℓ ∈ N 0 ∪ {+∞} such that every sequence S over G of length |S| ≥ ℓ has a nonempty 1-product subsequence T with |T | ≡ 0 (mod d).
The invariant s dN (G) was introduced by A. Geroldinger etc. [6] . It is trivial to see that s dN (G) = D(G), if d = 1; s dN (G) ≤ s k exp(G) (G), if d = k exp(G). In addition, it is easy to see that
is dN-1-product free, where S 1 is a 1-product free subsequence of length D(G) − 1. Hence, s dN (G) ≥ D(G) + d − 1 (1) for any positive integer d. In particular, for d = k exp(G) with k ∈ N we have k exp(G) + D(G) − 1 ≤ s k exp(G)N (G) ≤ s k exp(G) (G).
For general, the problem of determining s dN (G) is not at all trivial. Recently, A. Geroldinger etc. [6] determined the exact values of s dN (G) for all d ≥ 1 when G is a finite abelian group with rank at most two. That is, for G ∼ = C n . From the above results it follows that s dN (G) can take the lower bound of (1) . Furthermore, they also obtained precise values in the case of p-groups under mild conditions on d. They found that most of these values can also take the lower bound of (1) . We are interested in the case d = k exp(G) with k ∈ N. From the above we can see that s knN (C n ) = (k + 1)n − 1 = kn + n − 1 = s kn (C n ). In [3] , the authors proved the following theorem: Combining Theorem 2 with (2) yields the following results: Hence, s dN (G) can take the upper bound of (2) .
In this paper, we mainly study the invariant s dN (D 2n ) with d odd and n|d. Since d is odd, then it is easy to see that s d (D 2n ) = +∞, since x [N ] is d-1-product free for any N ∈ N. Thus from Theorem 4 it follows that
that is, s dN (G) can take the middle values of (2).
We use the following generators and relations for the dihedral group of order 2n: D 2n = x, y : x 2 = y n = 1, xy = y −1 x .
Following the notations of [2] and [5] , let H be the cyclic subgroup of D 2n generated by y, and let N = D 2n \H. It is easy to see that N = D 2n \H = x·H. For any sequence S ∈ F (D 2n ), we denote S ∩ H and S ∩ N by S H and S N , respectively. Our main result is the following:
Theorem 4. Let n, d be positive integers, n ≥ 3. If d is odd and n|d, then
Furthermore, if gcd(n, d) = 1, then s dN (D 2n ) = nd + 1.
We also analysis the problem for metacyclic groups G pq = C p ⋉ s C q and obtain a result:
Theorem 5. Let G pq = x, y : x p = y q = 1, yx = xy s , ord q (s) = p, and p, q primes be an nonabelian group. If p ≥ 3 and p|q − 1, then
Preliminaries
Now we present some key concepts. Let N denote the set of positive integers and
For any x ∈ R, denote ⌊x⌋ by the smallest integer t ≤ x. For positive integers m, n, denote by gcd(m, n) and lcm(m, n) the greatest common divisor and the least common multiple of m, n respectively. For positive integers n and g with (n, g) = 1, let ord n (g) denote the minimal positive integer ℓ such that g ℓ ≡ 1 (mod n).
Let G be a finite group with multiply operation · and unit element 1 and C n be the cyclic group. If H is a subgroup of G and H = G, then we call H a proper subgroup of G. Let G • = G \ {1}. Let F (G) be the free abelian monoid, multiplicatively written, with basis G. The elements of F (G) are called sequences over G. Let
with v g (S) ∈ N 0 for all g ∈ G. We call v g (S) the multiplicity of g in S, and if v g (S) > 0 we say that S contains g. We call S a ±-1-product sequence
. Note that if (G, +, 0) is an additive finite abelian group, then we can replace ±-1-product by ±-zero-sum. Definite π ± (S) = g ε 1 1 · g ε 2 2 · . . .· g ε ℓ ℓ (π(S) = g 1 g 2 · . . . · g ℓ ) to be the specific ±-product (product) of S obtained by multiplying all elements in the order they appear in S. Denote D ± (G) by the minimal integer ℓ ∈ N such that every sequence S over G of length |S| ≥ ℓ has a nonempty ±-1-product subsequence.
If for all g ∈ G we have v g (S) = 0, then we call S the empty sequence. Apparently, a squarefree sequence over G can be treated as a subset of G.
In particular, if S 2 | S 1 , we set
For the sequence S, we list the following definitions: The sequence S is called
In the process of the proof, we will use some basic results in the zero-sum theory. Lemma 6. Let m, n, d be positive integers, m|n, n ≥ 2 and let G be a finite abelian group, C n be a cyclic group of order n, D 2n be the dihedral group. Then (a) D(C n ) = n. If S ∈ F (C n ) is a minimal 1-product sequence of length n, then S = g [n] for some g ∈ G with ord(g) = n.( [7] , Theorem 5.1.10.1) (1) If n ≥ 4, then the following statements are equivalent:
(2) If n ≥ 3, then S is 1-product free if and only if either S = (y t , y t , xy ν ) with t ∈ {2, 3} and ν ∈ {0, 1, 2} or S = (x, xy, xy 2 ).
By the above lemmas, we can easily show following results: for some g ∈ G with ord(g) > m.
(ii) Let n ≥ 3 be a positive integer and let D 2n be the dihedral group. Then s ≤n (D 2n ) = n + 1.
is a 1-product free sequence. It is easy to see that g 1 , g 1 g 2 , g 1 g 2 g 3 , . . . , g 1 g 2 ·. . .· g m are distinct, which implies that | (S)| ≥ |S|. Suppose that |supp(S)| ≥ 2 and let g 1 = g 2 . Since S is 1-product free, we have that g 1 , g 2 , g 1 g 2 ,g 1 g 2 g 3 , . . . , g 1 g 2 · . . . · g m are all distinct and contained in (S). This is in contradiction to | (S)| = |S|. Hence, |supp(S)| = 1 and then S = g [m] for some g ∈ G with ord(g) > m.
(ii) Let D 2n = x, y : x 2 = y n = 1, xy = y −1 x . It is easy to see that
is a 1-product free sequence of length n. Thus it suffices to prove that s ≤n (D 2n ) ≤ n + 1. Fix a sequence S of length n+1. If |S H | ≥ n, then Lemma 6 (a) completes the proof. If |S H | ≤ n − 1, then |S N | = |S| − |S H | ≥ 2. Take a subsequence T |S of length n satisfying |T N | ≥ 2. From Lemma 7 it follows that if T ∈ F (D 2n ) is a 1-product free sequence of length n, then |T N | = 1. Therefore, there exists a 1-product subsequence T 1 |T of length |T 1 | ≤ n, and we complete the proof.
The following lemmas and corollaries are repeatedly used.
Lemma 9 ([7]
). Let G be a finite abelian group of order n, and let S be a sequence of n elements in G. Let k = max{v g (S) : g ∈ G} be the maximal value of repetition of an element occurring in S. Then 1 ∈ ≤k (S).
Lemma 10 ([1], Lemma 2.1). Let n ∈ N and (y 1 , . . . , y s ) be a sequence of integers with s > log 2 n. Then there exists a nonempty J ⊆ {1, 2, 3, . . . , s} and ε j ∈ {±1} for each j ∈ J such that j∈J ε j y j ≡ 0 (mod n)
(ii) there exist two disjointing subsequences W 1 , W 2 in T 2 satisfying that 1 ≤ |W 1 | = |W 2 | ≤ ⌊log 2 n⌋ + 1 and π(W 1 ) = π(W 2 ).
Proof. The proof of the Corollary is from Proof of Theorem 1.3 of [8] . For the convenience, we exhibit it here.
From Lemma 10 it follows that there exists a linear combination of a subset T ′′ 1 of
Suppose without loss of generality that, in this combination
appear with signal +1. Then
and we find a 1-product subsequence satisfying the conditions of (i).
(ii). By imitating the proof of (i), one can obtain (ii). One can also find the proof in Lemma 8 of [5] .
Lemma 12. Let n ≥ 2 be a positive integer. Then
Proof. Let D 2n = x, y : x 2 = y n = 1, xy = y −1 x , H = y and N = x · H. Suppose that
By imitating the proof of Corollary 11, we can find a ±-1-product subsequence in S. The first assertion is c1ear.
It will not be too confusing to suppose that
is a ±-1-product sequence with |S N | > 0. In addition, it is no loss of generality to assume that
The proof of the second assertion is complete.
Lemma 13 ( [4] ). Let C n be a cyclic group of order n ∈ N and let S ∈
Lemma 14 ( [10] ). Let G be a cyclic group of order n, and let S be a se-
By Lemma 13 and Lemma 14, we can prove the following lemma which is crucial in this paper.
Lemma 15. Let n be a positive integer with 2 ∤ n, and let C n be a cyclic group of order n. If S ∈ F (C n ) is a sequence of length |S| ≥ n, then S has a ±-1-product subsequence T with 2 ∤ |T |.
Furthermore, if S is a minimal ±-1-product subsequence of length n, then S = g [n] , where g is a generator of C n .
Proof. If 1 is contained in S, then T = 1 is ±-1-product with 2 ∤ |T |. Now suppose that 1 is not contained in S.
Case 1: For any proper subgroup H of C n , |S H | ≤ |H| − 1.
Then by |S| ≥ n, it is easy to see that S contains an element g 0 with ord(g 0 ) = n. Set
If (S 1 ) = C n , then by Lemma 13 we have |S 1 | ≤ n − 1. From the choice of S 1 it follows that |S 1 | = n − 1. Combining the above assumptions with Lemma 14 yields that
In addition, we can suppose that g 0 ∈ O (S), since otherwise g 0 ∈ E (S), and it follows that there exists a subsequence S ′ |S of even length such that
|, which implies that n = 2| E (S 1 )| is even. This is in contradiction to 2 ∤ n. Case 2: There exists a proper subgroup N in C n such that |S N | ≥ |N|. Then the number of divisors of |N| is less than that of n. The following proof is by induction on the number k of divisors of n.
If k = 2, then n is a prime. It follows that the unique proper subgroup H of C n is {1}. For 1 ∤ S, we have |S H | ≤ |H| − 1. By Case 1, the proof is complete. Now suppose that the lemma has been established for integers less than k. By the induction hypothesis, there exists a subsequence T |S N such that T is a ±-1-product subsequence of odd length. We complete the proof of the first assertion.
Let S ∈ F (C n ) be a minimal ±-1-product subsequence of length n. Suppose that S has a decomposition:
. For n odd, we must have |T 1 | = |T 2 |, i.e., 1 ≤ |T 1 | < |T 2 |. By the minimality of S, we have that T 1 and T 2 are 1-product free and (T 1 ) ∩ (T 2 ) = π(T 1 ) = π(T 2 ). It follows that
for some g 1 , g 2 ∈ C n with ord(g 1 ) > |T 1 | and ord(g 2 ) > n − |T 1 |. For π(T 1 ) = π(T 2 ), we have g
is a proper ±-1product subsequence of S, a contradiction. Hence, S is a minimal 1-product subsequence of length n. By Lemma 6 (a), we complete the proof.
The proof of Theorem 4
Lemma 16 ( [5] , Lemma 7) . Let G be a finite abelian group of order n and let r ≥ 2 be an integer. Suppose that S is a sequence of n + r − 2 elements in G. If 1 / ∈ n (S), then | n−2 (S)| = | r (S)| ≥ r − 1.
Lemma 17 ([9], Lemma 2.2). Let A, B be two subsets of a finite group
Theorem 18. Let n be a positive integer, n ≥ 3. If n is odd, then
Proof. Let D 2n = x, y : x 2 = y n = 1, xy = y −1 x , H = y and N = x · H. In addition, for any sequence S ∈ F (D 2n ), we denote S ∩ H and S ∩ N by S H and S N , respectively. Set W = x [2n−1] •⌊log2n⌋−1 i=0 y 2 i . For 2 ∤ n, it is easy to see that |W | = 2n + ⌊log 2 n⌋ − 1 and W is nN-1-product free. Thus it suffices to prove that s n (D 2n ) ≤ 2n + ⌊log 2 n⌋. Fix a sequence S of length 2n + ⌊log 2 n⌋. Let ϕ α be a homomorphism mapping: D 2n → D 2n with ϕ α (x) = xy α and ϕ α (y) = y, where α is an integer. It is easy to see that for any integer α, T is a 1-product subsequence of S iff ϕ α (T ) is a 1-product subsequence of ϕ α (S). It follows that if ϕ α (S) has a 1-product subsequence ϕ α (T ) with |ϕ α (T )| ≡ 0 (mol n), then T is a 1-product subsequence of S with |T | ≡ 0 (mol n). Hence, we can suppose that the term with the maximal multiplicity in S N is x. Set
where h(S N ) is the maximal multiplicity in S N and T ′ := T 1 (c 1 , . . . , c u ) is squarefree with a maximal 1-product subsequence T 1 (T 1 may be empty) and a 1-product free subsequence T ′ (T 1 ) −1 . Obviously, |T ′ | ≤ n − 1 (Since x ∤ T ′ ), |T 1 | is even and c 1 , . . . , c u are distinct. By Corollary 11, we have u ≤ 2⌊log 2 n⌋ + 1. In addition, set
where T ′′ := T 2 (d 1 , . . . , d v ) is squarefree and T 2 is a maximal ±-1-product subsequence with 2||T 2 | in T ′′ (T 2 may be empty). Obviously, d 1 , . . . , d v are distinct. By Corollary 11, we have v ≤ 2⌊log 2 n⌋ + 1. Let S 0 = (c 1 , . . . , c u )(d 1 , . . . , d v ) = (xy α 1 , . . . , xy αu )(y β 1 , . . . , y βv ).
Thus
If there exists a 1-product subsequence of length n in S H , then we are done. Hence, we can suppose that S H is n-1-product free. By Lemma 6 (b), we must have that |S H | ≤ 2n − 3 and then |S N | ≥ ⌊log 2 n⌋ + 2 ≥ 3. If h(S N ) = 1, then S N is squarefree and suppose
By Lemma 17 we have
Suppose now that h(S N ) ≥ 2. If S H has a minimal ±-1-product subsequence T of odd length, then by Lemma 15 one can obtain that |T | ≤ n. If |T | = n, then Lemma 15 implies that T = g [n] , where g is a generator of H, that is, T is a 1-product subsequence of length n. Suppose that |T | ≤ n − 2. It will not be too confusing to assume that
with symbols having the same meaning as (4). Thus we can suppose that Thus |A ∪ B| ≤ n. Since T 1 (c 1 , . . . , c u ) and T 2 (d 1 , . . . , d v ) are squarefree, we have that n ≥ |A∩B| = |A|+|B|−|A∪B| = |T 1 |+u+|T 2 |+v −|A∪B| ≥ 1+ ⌊log 2 n⌋. Combining the above results yields that |T |+h(S N )+2r +2s+2|A∩ B| = |S| + |A ∩ B| − |A ∪ B| ≥ n + 1 + 2⌊log 2 n⌋. Set S AB = • i∈A∩B (y i , xy i ). Thus we can easily find a 1-product subsequence of length n in
In the following, let h(S N ) ≥ 2 and suppose that S H does not have ±-1-product subsequences of odd length. Thus by Lemma 15 we must have that |S H | ≤ n − 1 and |S N | = |S| − |S H | ≥ n + 1 + ⌊log 2 n⌋. It follows from (4) that (d 1 , . . . , d v ) does not have ±-1-product subsequences of even length. Combining this with the assumption of S H yields that
is ±-1-product free. This continues to imply that v ≤ ⌊log 2 n⌋ by Lemma 10. Again by the assumption of S H , we have that 1 ∤ S H which implies that
i.e., |A ∩ B| = n − 1. It is easy to see that
is a 1-product subsequence of length 2n. Secondly, suppose that |S 0 | ≤ ⌊log 2 n⌋. Then |S N (S 0 ) −1 | ≥ n + 1 and
For the latter case, we must have that |S(S 0 ) −1 | ≥ 2n + 1. Hence, |S| is even and |S| ≥ 2n. By (3) and (4), one can easily obtain that S N is 1-product and S H is ±-1-product satisfying that |S N | ≥ 2 and |S N |, |S H | are even. Combining them with Lemma 12 yields that S is 1-product. If |S((b 1 , b 1 ) , . . . , (b s , b s )) −1 | ≤ 2n, then there exists s 1 ∈ [0, s] such that
, (a 1 , a 1 ), . . . , (a r l , a r l ), T 1 , T 2 is a 1-product subsequence of length 2n.
Finally, by the above analysis, it suffices to prove that if h(S N ) ≥ 2, S H does not have ±-1-product subsequences of odd length, |T 1 | + u + |T 2 | + v ≤ 2n − 3 and |S 0 | ≥ ⌊log 2 n⌋ + 1, then there exists a 1-product subsequence of length 2n in S. In the following, we distinguish two cases in terms of whether or not h(S N ) ≥ ⌊log 2 n⌋ + 1. with |ψ(S 0 )| = |S 0 | ≥ ⌊log 2 n⌋ + 1. By Lemma 10, we have that
By a reasonable rearrangement for the signals ±1 appearing in ψ(L ′ i ) and ψ(L ′′ i ), we have that for any
Since ψ(L i ) is minimal ±-zero-sum for 1 ≤ i ≤ k, it is easy to see that
It follows that
is ±-1-product with (L 1 , . . . , L k , T 1 , T 2 ) squarefree. If |S| = 2n, then
Combining this with Lemma 12 yields that S is a 1-product subsequence of length 2n, we are done. Suppose that |S| < 2n. For |L ′ | ≤ ⌊log 2 n⌋, we have |S( (a 1 , a 1 ) , . . . , (a r 1 , a r 1 ),
satisfies that |S ′ | = 2n and |(S ′ ) N | > 0. It follows that S ′ is a 1-product subsequence of length 2n. Now suppose |S| > 2n. Since |T 1 |+|T 2 |+|S 0 | = |T 1 |+u+|T 2 |+v ≤ 2n−3, by (7) we must have △ ≥ 4. Combining this with ∆ ≤ ⌊log 2 n⌋ + 1 yields that n ≥ 9. In (7) we suppose that
Combining the above results with (3), (4) yields that S 1 is ±-1-product with |S 1 | ≤ ∆ + u + v ≤ 5⌊log 2 n⌋ + 3 ≤ 2n. In addition, it is easy to see that S and S 1 are 1-product. Set
where σ = 0 if h(S N ) − ∆ is even; σ = 1 if h(S N ) − ∆ is odd. Thus S ′′ and S ′′ 1 are also 1-product with S ′′ = S ′′ 1 T 1 T 2 and |S ′′ | ≥ |S| > 2n. In addition, we can suppose that |S ′′ 1 | < 2n, since otherwise by |S 1 | ≤ 2n we can easily find a 1-product subsequence of length 2n in S ′′ 1 . Since |S| > 2n and ∆ ≤ ⌊log 2 n⌋ + 1, from (5) and (7) one can obtain that
and
where the power exponents of y in each C i , D j are continuous and max{t : xy t |C i } + 1 < min{t ′ : xy t ′ |C i+1 }, max{l : y l |D j } + 1 < min{l ′ : y l ′ |D j+1 }.
From this we can obtain two maximal subsequences:
It is easy to see
Similarly,
In addition, ω i=1 (π(F 2i−1 ) · π(F −1 2i )) = 1 and λ j=1 ((y α j · (y α j +1 ) −1 ) · ((y β j ) −1 · y β j +1 )) = 1. Thus F 1 , . . . , F 2ω is 1-product and (G 1 , G ′ 1 ), . . . , (G λ , G ′ λ ) is ±-1-product. From (3) and (6) we know that (c 1 , . . . , c u ) is 1-product free and (d 1 , . . . , d v ) is ±-1-product free. Hence, we can suppose that
It is easy to see that
Thus,
For |S N | ≥ n + ⌊log 2 n⌋+1, we have that |S N 1 | = |ψ(S N 1 )| ≥ n+⌊log 2 n⌋+1−h(S N ) ≥ n. By using Lemma 9 on T repeatedly, there exist minimal 1-product subsequences ψ(T 1 ), . . . , ψ(T k ′ ) in ψ(S N 1 ) with |ψ(T i )| ≤ h(S N ) for 1 ≤ i ≤ k ′ and ⌊log 2 n⌋− h(S N ) + 1 ≤ |ψ(T 1 )| + . . . + |ψ(T k ′ )| ≤ ⌊log 2 n⌋. It will not be too confusing to suppose that S N = x [h(S N )] , T 1 , . . . , T k ′ , (a 1 , a 1 ), . . . , (a r , a r ), T 1 , (c 1 , . . . , c u ) with h(S N ) + |T 1 | + . . . + |T k ′ | ≥ ⌊log 2 n⌋ + 1, and
In addition, we can suppose that
with |S 0 | ≥ ⌊log 2 n⌋ + 1 and ψ(S 0 ) = ψ(L 1 ), . . . , ψ(L k ), ψ(L ′ ).
Note that the symbols have the same meaning with the above. By imitating the proof of Case 1, we have that L iN = L ′ iN L ′′ iN and for any
It follows that there is ∆ 2 ∈ [0, h(S N )] such that
Repeat the reasoning in Case 1 and we can find a 1-product subsequence of length 2n. The proof is complete.
The proof of Theorem 4: Let D 2n = x, y : x 2 = y n = 1, xy = y −1 x . Let d be odd and n|d. Suppose that d = kn for some positive integer k and then 2 ∤ n, 2 ∤ k. Set W = x [2d−1] •⌊log2n⌋−1 i=0 y 2 i . It is easy to see that W is dN-1-product free and |W | = 2d + ⌊log 2 n⌋ − 1. Thus it suffices to prove that s dN (D 2n ) ≤ 2d + ⌊log 2 n⌋.
Fix a sequence S of length 2d + ⌊log 2 n⌋ in D 2n . By using Lemma 6 (g) on S repeatedly, we have a decomposition:
where |S 1 | = 2n + ⌊log 2 n⌋ and each T i is a 1-product subsequence of length 2n. Theorem 18 implies that S 1 has a 1-product subsequence S 2 of length n or 2n. If |S 2 | = 2n, then T 1 . . . T k−1 S 2 is a 1-product subsequence of length 2d. If |S 2 | = n, then T 1 . . . Tk−1 2 S 2 is a 1-product subsequence of length d. The proof of the first assertion is complete.
Let gcd(n, d) = 1. It is easy to see that W = xy [nd−1] is a dN-1-product sequence of length nd. Thus it suffices to prove that s dN (D 2n ) ≥ nd + 1.
Fix a sequence S of length nd + 1 in D 2n . By using Lemma 8 (ii) on S repeatedly, we have a decomposition:
be a sequence of length d in the cyclic group C d . By Lemma 6 (a), T has a zero-sum subsequence
that is, k j=1 |T i j | ≡ 0 (mod d). Hence,
is a 1-product subsequence with length |S ′ | ≡ 0 (mod d) and we complete the proof.
The proof of Theorem 5
Let G pq = x, y : x p = y q = 1, yx = xy s , ord q (s) = p, and p, q primes be an nonabelian group. Thus we must have that p ≥ 2 and p|q − 1. Note that for p = 2, this is simply the dihedral group of order 2q. Therefore, in the following we assume p ≥ 3, so q ≥ 2p + 1.
Similarly to the previous sections, let H be the cyclic subgroup of G pq generated by y, and let N = G pq \ H. We can further split up N into cosets of H: let N i = x i H, so N = N 1 ∪ . . . ∪ N p−1 . Note that these cosets (with H included) form a group isomorphic to Z p , and since D(Z p ) = p, any sequence of p elements in G pq must have a nonempty subsequence T with π(T ) ∈ H. If A and B are subsets of a group, then we define A + B = {ab : a ∈ A, b ∈ B}. In the preliminaries, we define Π(S) = { i∈ [1,ℓ] 
The following two lemmas will be repeatedly used in the proof of our main theorem.
Lemma 19 (Cauchy-Davenport inequality [9] , pp 44-45). For q prime, and for any k nonempty sets A 1 , . . . , A k ⊆ Z q ,
In particular, if A and B are two nonempty subsets of Z q , then |A + B| ≥ min{q, |A| + |B| − 1}.
Lemma 20 ([2], Theorem 15). If p ≥ 3 and p|q − 1, then s pq (G pq ) = pq + p + q − 2.
By imitating the proof of Theorem 15 of [2] , we can prove Theorem 5. In the proof, we will cite some results showed in Theorem 15 of [2] and ignore their proofs.
The proof of Theorem 5: Let G pq = x, y : x p = y q = 1, yx = xy s , ord q (s) = p, and p, q primes , H = y , and N = G pq \ H. Put d = lcm[kp, q] + gcd(kp, q) − 1. It is easy to see that W = x [p−1] y [d−1] is a kpN-1-product sequence of length p+d−2. Thus it suffices to prove that s kpN (G pq ) ≥ p+d−1.
Fix a sequence S of length p + d − 1 in G pq . If |S ∩ N| ≤ p − 1, then |S ∩ H| ≥ d. Combining Lemma 6 (c) and (d) yields that D(H ⊕ C kp ) = D(C q ⊕ C kp ) = D(C gcd(kp,q) ⊕ C lcm(kp,q) ) = lcm(kp, q) + gcd(kp, q) − 1 = d = D * (H ⊕ C kp ). By Lemma 6 (e), we have that s kpN (H) = d which implies that S ∩ H has a 1-product subsequence T satisfying that |T | ≡ 0 (mod kp). If q|k, then |S| = kp + p + q − 2. By using Lemma 20 on S repeatedly, we have a decomposition:
where |S 1 | = p + q − 2 and each T i is a 1-product subsequence of length pq. It follows that (T 1 , . . . , Tk q ) is a 1-product subsequence of length kp. Now suppose that |S ∩ N| ≥ p and (q, k) = 1. Thus |S| = kpq + p − 1. In the following, by imitating the proof of Theorem 15 of [2] , we can complete the proof.
In Theorem 15 of [2] , Bass showed the following three claims: Claim 1: For any sequence S of length p + d − 1 in G pq , we have the following decomposition:
• For all 1 ≤ k ≤ r, A k is a subsequence of S ∩ N i for some i and has π(A k ) = 1, |A k | = p. For all 1 ≤ k ≤ r ′ , A ′ k has π(A ′ k ) = 1 and |A ′ k | = p.
• For all 1 ≤ k ≤ ℓ, F k is a subsequence of S ∩ N i for some i, π(F k ) = y m k = 1, |F k | = p, and Π(F k ) = {y m k , y m k s , . . . , y m k s p−1 }. For all 1 ≤ k ≤ ℓ ′ , F ′ k has π(F ′ k ) = y m ′ k = 1 and |F ′ k | = p.
• |(S((A 1 , . . . , A r )(F 1 , . . . , F ℓ )) −1 ) N | ≤ (p − 1) 2 and |E| ≤ 2p − 2. Note that |E| ≡ |S| = kpq + p − 1 ≡ −1 (mod p), since p|q − 1. Since 0 ≤ |E| ≤ 2p−2, this implies |E| = p−1, and therefore (ℓ+ℓ ′ +r+r ′ )p = kpq. Claim 3: (Subcase 3A of [2] ) For any nonempty sequence W ∈ F (N) with π(W ) ∈ H, a product of the sequence P = (d 1 , . . . , d q−1 )W can take on any value in H, where d i ∈ H for all 1 ≤ i ≤ q − 1.
By Claim 1, we can assume that r+r ′ ≤ k −1, since otherwise there exists a 1-product subsequence of length kp in (A 1 , . . . , A r )(A ′ 1 , . . . , A ′ r ′ ). Thus, (l + l ′ )p = ℓ i=1 |F i | + ℓ ′ j=1 |F ′ j | = |S| − |E| − ( r i=1 |A i | + r ′ j=1 |A ′ j |) = kpq − (r + r ′ )p ≥ kpq − (k − 1)p = kp(q − 1) + 1 ≥ q.
In the following, we distinguish three cases: Case 1 : ℓ ≥ 1.
It follows that T P is a 1-product subsequence of length kpq and the proof is complete.
